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I. INTRODUCTION
The gapless energy dispersion of Dirac electron systems hinders the confinement of electrons by potential barriers, as highlighted by the Klein tunneling phenomenon for graphene. 1 Klein tunneling is a paradoxical phenomenon exhibited by fermions obeying the Dirac equation, where electrons can propagate in a potential barrier without decay by spontaneously generating positrons. 2 While the original theoretical prediction in the relativistic situation is hard to verify by experiments, 3 the condensed-matter counterpart in graphene has been confirmed experimentally. 4, 5 Dirac-fermion-like states are present also in topological insulators (TIs), for which strong spin-orbit coupling produces gapless surface modes having a linear energy dispersion relationship in the bulk band gap energy range. [6] [7] [8] These metallic modes are protected by topological order from moderate disorder and interaction. Furthermore, the spin and momentum associated with the surface modes are locked to each other. The spin helicity makes TIs unique in comparison to graphine. As a consequence, TIs are attractive for applications in electronics, spintronics, and quantum information. 9 The topologically protected transport in the twodimensional (2D) case has been observed experimentally using HgTe-CdTe [10] [11] [12] and InAs-GaSb [13] [14] [15] [16] quantum wells. For narrow strips of 2D TIs and thin films of threedimensional TIs, the hybridization of, respectively, the edge and surface helical states gives rise to an opening of the energy gap at the Dirac point. 17 Although the gap opening is useful for, for instance, transistor applications of TIs, the Klein-tunneling-like phenomenon cannot be exploited in such a circumstance. There exist, however, situations where the hybridization energy gap vanishes. These special situations enable us to explore the quantum transmission properties when the transport takes place in the immediate vicinity of or even exactly at the Dirac point in confined geometries.
As reported in Ref. 18 , the reflection of the helical edge modes by barrier scattering in narrow channels is drastically suppressed when the hybridization energy gap is removed. Furthermore, additional resonance-like features show up in such circumstances. 18, 19 The energy gap size was manipulated there by tuning the strength of the off-diagonal spinorbit coupling in an effective four-band Hamiltonian. 20 The disappearance of the hybridization energy gap can occur even in the absence of the off-diagonal spin-orbit coupling. [21] [22] [23] [24] In this paper, whether the anomalous features survive when the system is described by the two-band Hamiltonian for the absence of the off-diagonal spin-orbit coupling is investigated. In the course, changes in the characteristics of the anomalous resonance upon simplifying the numerical model are revealed. While the anomalous resonance was reported in Ref. 18 , the numerical study there focused on examining the suppression of the overall reflection when the hybridization energy gap was eliminated in relation with the Klein tunneling. The anomalous resonance-like features are, therefore, investigated in detail in the present work by calculating their characteristics over wide parameter ranges in order to identify the resonance mechanism. It is shown that a decaying component in the propagation direction resembling the evanescent waves is induced when the edge modes are scattered from potential steps. Quantum interference of the localized components extending from the two ends of a potential offset is indicated to be responsible for the anomalous resonances. A rich variety of behavior of the quantum transmission is demonstrated to emerge through coupling between the resonance states.
II. MODEL SYSTEMS
We examine the quantum transport properties in narrow strips of 2D TIs when a potential offset is placed in the middle of the channels. The 2D systems are described by the Bernevig-Hughes-Zhang Hamiltonian
Here,
with
The Hamiltonian is defined on the basis ðjeþi; jhþi; jeÀi; jhÀiÞ, where e and h denote, respectively, the electron-and hole-like bands and the plus and minus signs refer to the spin orientation. Note that H þ and H À are related to each other as H À ðkÞ ¼ H Ã þ ðÀkÞ. The off-diagonal spin-orbit component,
consists of terms associated with the bulk inversion asymmetry (D) and the Rashba coupling (/ a). The band inversion crucial for topological insulators 6, 7 is imposed by setting M to be negative. The electron-hole mixing is determined by the parameter A. The electron-hole asymmetry is given by D as the effective masses for an electron and a hole are proportional to ðB þ DÞ À1 and ðB À DÞ À1 , respectively.
Let us consider strips of the TIs confined in the y direction. The overlap of the transverse wavefunctions of the helical edge modes localized at the two sides of the strips becomes substantial for small widths. Hybridization of the edge modes in this circumstance gives rise to an opening of the energy gap at the Dirac point. 17 Ignoring H SO , the secular equation for H 6 W 6 ¼ EW 6 is obtained using the trial function e ikx e ky to be
where
There exist solutions of real k, which correspond to the helical edge modes of the TIs. The hybridization energy gap is hence relevant when the strip width is comparable to or smaller than k À1 . There are, however, situations where the hybridization energy gap closes even for narrow strips. We restrict our attention to such situations in the present work and investigate the quantum transmission properties when the transport in the potential offset region takes place at energies around the Dirac point. Specifically, we will be dealing with three distinct cases of Eq. (1).
In model I, the energy gap disappearance is caused by H SO . The secular equation is given if H SO is included as
One finds that k is complex as, for instance,
even when a ¼ 0. The wavefunction amplitude oscillates in the transverse direction in the presence of H SO instead of the simple exponential decay for the conventional helical edge modes. One of the consequences of this difference is that the hybridization energy gap vanishes at some channel widths due to transverse interference. 20 In the numerical simulations below, the values of the parameters are chosen to be appropriate for a TI realized using the InAs-GaSb quantum well, see Table I . 26 (Corresponding simulations using parameters appropriate for a TI HgTe-CdTe quantum well were presented in Ref. 18.) As evident in Eq. (4), k can be complex even in the absence of H SO . The closure of the hybridization energy gap in this situation by the so-called special edge modes [21] [22] [23] [24] is assumed in model II. The condition for the special edge modes is
This requirement is not fulfilled by the material parameters appropriate for the HgTe-CdTe quantum wells but can be, in principle, satisfied for the InAs-GaSb quantum wells. Nevertheless, k becomes complex in the energy range E À < E < E þ with
where E D ¼ ÀMD=B is the Dirac point energy. The energy range for the InAs-GaSb quantum well À5.773 meV < E < 1.255 meV is significantly away from E D ¼ 6.855 meV. The hybridization annihilation by the special edge modes thus requires the energy gap to be large enough to overcome the energy difference, i.e., the strips must be very narrow. On the other hand, k ¼ 0:4874 þ i0:0896 nm À1 at the C point (k ¼ 0) when E ¼ 1 meV. The width at which the hybridization annihilation is anticipated in this case is W % p=ImðkÞ ¼ 35 nm. That is, the InAs-GaSb quantum wells cannot TABLE I. Values of parameters in Bernevig-Hughes-Zhang Hamiltonian used in simulations for models I, II, and III. Model I corresponds to a TI realized using an InAs-GaSb quantum well. 33 The values corresponding to a TI realized using a HgTe-CdTe quantum well 34, 35 are also shown for comparison. . For simplicity, D is set to zero to make the electron and hole bands identical. This also guarantees annihilation of the hybridization energy gap as E D ¼ 0. In Fig. 1 , the dependence of the energy gap size DE on the strip width W is plotted for a number of values of A. Here, the numerical calculations were performed using the tightbinding version of Eq. (1). 27, 28 The hybridization energy gap disappears periodically as W is varied. The period increases as A increases. 24 For the examples in Fig. 1 , two types of energy dispersion relationships are, in fact, produced. For demonstrating the difference, the dispersion curves when A ¼ 10 meV nm are plotted in Fig. 2 for a number of widths. (Note that the electron and hole bands are mirror symmetric with respect to E ¼ 0 as D ¼ 0.) The variation of the dispersion curves when W is changed around the value for the first energy gap closing (10.06 nm) is shown in Fig. 2 (a). One finds quadratic band touching instead of the linear dispersion of a Dirac cone at the gap closing, solid (green) curve. The quadratic band is raised in energy with reducing W due to enhancement of the transverse quantum confinement, dotted (red) curve. The energy gap thus opens for W < 10.06 nm. For W ¼ 15 nm, dashed (blue) curves, the band shifts lower in energy compared to the quadratic band touching case. Energy gap opens here at the crossing of the quadratic bands originating from the electron and hole states. The band edge is consequently not located at k ¼ 0. The quadratic band touching occurs again for the second energy gap closing at W ¼ 20.12 nm, Fig. 2(b) , as the next quadratic band reaches the energy E ¼ 0.
The zigzag shape of the dispersion curves can be understood as illustrated for the case of W ¼ 25 nm in Fig. 2 
(c).
Here, the dotted and dashed curves show the parabolic energy dispersion 6½M À Bk 2 À Bðnp=WÞ 2 obtained from Eq. (1) when A ¼ 0. The meandering of the dispersion curves is seen to be a consequence of the coupling among the parabolic bands for nonzero A. Note that the odd and even parity transverse modes are distinguished using dotted and dashed curves, respectively. Anticrossing occurs in the dispersion when the parabolic bands associated with an odd mode and an even mode overlap with each other as the matrix element hmjAk 6 jni is not zero. In Figs. 2(c) and 2(d), the segments of the dispersion associated with the odd and even parity transverse modes are indicated by the red and green curves, respectively.
The linear dispersion of Dirac fermions is eventually formed as the zigzag shape of the bottom dispersion curve gets more complex by including a large number of parabolic bands, see Fig. 2(d) . Here, the relationship E ¼ Ak expected for the Dirac cone is shown by the dotted line. To summarize, quadratic band touching in narrow strips evolves into a Dirac cone in wide strips when A is small. The linear dispersion gets steeper with increasing A and consequently Dirac cones are found for all the energy gap closings when A is large. Given the two types of energy dispersion relationships, A ¼ 55 or 60 meV nm is assumed in model II to realize a Dirac cone. Additionally, model III is considered by assuming A ¼ 10 meV nm to examine the influence of the quadratic band touching on the quantum transmission. In Sec. III, numerical results of the quantum transmission properties are presented for the parameter values corresponding to models I, II, and III. The transmission and reflection coefficients were calculated using the lattice Green's function method. 29 A rectangular lattice having lattice parameters of a x and a y , respectively, in the x-and y-directions was assumed in order to adjust the strip width for energy gap closure while keeping the length of the potential offset region unchanged. (The tight-binding Hamiltonian is explicitly presented in the Appendix.) The width of the strip is W ¼ ðN þ 1Þa y , where N is the number of the transverse lattice sites. Taking into account the spin degree of freedom, the transmission probability T and the reflection probability R are defined such that T þ R ¼ 2, 1, and 1 for models I, II, and III, respectively. Note that the two-terminal conductance of the strip is given in the respective cases as ðe 2 =hÞT; ð2e 2 =hÞT, and ð2e 2 =hÞT.
III. REFLECTION CHARACTERISTICS A. Model I: Four-band Hamiltonian
Typical characteristics of R, when the length L of the potential offset is varied, are shown in Fig. 3 . The strip width is adjusted to W ¼ 33.28 nm to realize the first energy gap closing in model I. The Fermi energy E F , which is defined as the energy difference from E D , is 1 meV. For the red, green, and blue curves, the height U of the potential offset is 0.6, 1, and 1.25 meV, respectively. The incident electron propagates as a hole in the potential offset region for U > E F . The multiple scattering of the edge modes between the potential steps at the entrance and exit of the potential offset region gives rise to the usual oscillatory transmission behavior. 30, 31 Apart from this conventional property, additional features are present for small L, as shown with expanded scales in the inset of Fig. 3(a) . As revealed in Fig. 3(b) , the small-L features result from complete suppression of the reflection when certain resonance conditions are satisfied. For U ¼ 1 meV shown by the green curves, the transmission in the potential offset region takes place exactly at the Dirac point. A complete suppression of the reflection occurs even in this case.
The lengths of the potential offset L i for the ith complete suppressions of the reflection are plotted using filled circles in Fig. 4(a) . Here, U was varied while E F was kept to be 1 meV. In addition to the periodic transmission modulation at large L, anomalous features are present for small L. (Higher order periodic transmission modulations, i.e., the complete suppressions of the reflection at values larger than those shown in Fig. 4(a) , are excluded in the plot. This omission of higher order resonances is done throughout the paper.) In some ranges of U=E F , two anomalous resonances merge with each other. A dip is produced in R with a nonzero value at the minimum out of the two complete suppressions of the reflection. This dip is indicated using the open circles in Fig. 4(a) . The period DL of the periodic transmission modulation is shown by filled circles in Fig. 4(b) . The period, which increases rapidly as U approaches E F , is given by
as evidenced by the dotted curve. Here, k 1 and k 2 are the wavenumbers in the potential offset region of the strip. The spin degeneracy is lifted in the presence of H SO , and so k 1 6 ¼ k 2 . This implies that k is not zero at the Dirac point. Specifically, DL À1 / jk 1 j À jk 2 j for energies at the immediate vicinity of the Dirac point as k 1 k 2 < 0. 19 Regardless of the spin-orbit coupling, DL ¼ 1 at the Dirac point as k 2 ¼ Àk 1 . The transmission modulation for U ¼ 1 meV in Fig. 3 is, therefore, ascribed to the anomalous features at small L including the complete suppression of reflection at L ¼ 2815 nm. This interpretation is supported by the values of L i =DL plotted using open circles in Fig. 4(b) . The blue and green open circles in Fig. 4(b) correspond to the filled circles in Fig. 4(a) of the same colors. One finds L i =DL $ 0 for the complete suppression of reflection indicated by the blue curve when U=E F $ 1. In this regard, an unusual feature is noticed at U=E F % 1.65, where the resonance index shifts, as previously reported in Ref. 18 . Another shift in the opposite direction is also present at U=E F % 0.998.
The complex behavior of the resonance can be interpreted as follows. Let us assume the existence of a resonance state whose resonance position in L changes with U=E F as illustrated by the broad yellow line in Fig. 4(a) . The index shifts are attributed to successive anticrossing of this resonance state with the periodic modulation. The anticrossing scenario is justified by the observation that one makes in Fig.  5 when E F is slightly varied. We pay attention here to the range of U=E F where two anomalous resonance branches approach to each other as pointed by the arrow in Fig. 5(a) . The resonance branch shown by the blue circles originates from the resonance state marked by the yellow band in Fig.   5 (c). This branch collides with the lower-lying resonance branches when E F is reduced. Merging of the anomalous resonances thereby takes place. For the lowest anomalous resonance branch in Fig. 5(e) , the complete suppression of reflection is weakened to be a mere dip for 0.1 <U=E F < 0.3, although there is no explicit merging of resonances. The resonance state marked by the yellow band is indicated to have affected also the bottom resonance branch. The dips in R generated by the merging become smaller in magnitude when the Fermi level outside the potential offset region shifts towards the Dirac point. The anomalous features, therefore, disappear gradually. Figure 4 (c) shows the maximum reflection probability R max in the periodic transmission modulation, which is equivalent to the amplitude of the transmission modulation. Due to the absence of the energy gap at the Dirac point, R max is significantly small. 18 As one would expect, the reflection increases as the potential offset is strengthened. As shown by the dotted line, R max is basically proportional to ðU=E F Þ 2 . We emphasize that this relationship is nearly exactly satisfied for U=E F < 0.1 (not shown here). We will return to this relationship later. In addition to this overall behavior, a rapid increase of R max occurs when U=E F ! 1. Furthermore, R max is suppressed in the course of the resonance index shift, as manifested by the narrow dip at U=E F % 0.998 and the broad dip at U=E F % 1.65. It is remarkable that the resonance anticrossing reduces the amplitude of the periodic transmission modulation for the entire range of L by exactly the same amount. In Fig. 5 , the reduction in R max associated with the resonance index shift is apparent for U=E F < 1 but is barely recognizable for U=E F > 1. The latter is a consequence of the broad interval of U=E F over which the anticrossing takes place.
As we mentioned above, the anomalous features disappear gradually when E F approaches zero. This results in qualitative differences in the dependence of L i on U=E F if E F is varied instead of U, as shown in Fig. 6 . Here, U was set Fig. 7(e) . The short-L branches of the anomalous resonances associated with the merging in the right-hand-side panel of Fig.  7 (e) persist to exist as E F increases to E F ¼ U. In the range of E F ! U, dips are present in R rather than the complete suppressions of the reflection. The dips gradually disappear as E F further increases. For the case of U ¼ 0.01 meV, this behavior occurs as a process where anomalous resonances merge with each other to generate a dip. The long-L branch in the merging is expected to cause the resonance index shift by anticrossings in the range of 1 <U=E F < 1.1, although it has not been confirmed numerically here due to extremely large DL. For the case of U ¼ 0.1 meV, the position in L of the complete suppression of reflection increases to infinity as U=E F approaches unity. Remarkably, the dip is generated during this position shift at about U=E F ¼ 1 in correlation with the anomalous resonance, i.e., no merging behavior is present. It ought to be pointed out that the lengths of the potential offset for these anomalous features are almost identical, although U is one order of magnitude different. The existence of a scaling universality in the behavior is suggested.
The horizontal axis in Figs. 7(a)-7(d) is E F instead of U=E F . Despite the one order of magnitude difference in U between Figs. 7(a) and 7(c), the anomalous features occur in roughly the same range of E F . A similar trend is recognized also in Figs. 7(b) and 7(d). That is, the one order of magnitude difference in E F at which the anomalous features occur is less than the two orders of magnitude difference in U=E F . It might be suggested that the anomalous features depend more crucially on the Fermi energy outside the potential offset region than that in the potential offset region. It is noteworthy in this regard that the anomalous features in Fig. 7(a) are not affected by the passing of the Fermi level across the Dirac point in the potential offset region in contrast to the characteristic DL ! 1 for the periodic transmission modulation when U=E F ! 1.
B. Model II: Two-band Hamiltonian
We now turn our attention to the transport properties when the hybridization energy gap is closed for the special edge modes. [21] [22] [23] [24] In Fig. 8 , the characteristics of the quantum interference effects for model II are shown for three examples, which are distinguished by displaying in different colors. The anomalous resonances are found to exist even in the absence of the off-diagonal spin-orbit coupling (D ¼ a ¼ 0). The resonance index shift and the associated reduction in R max as well as the increase of R max for U=E F ! 1 are apparent for the case A ¼ 60 meV nm and E F ¼ 1 meV shown by the red symbols. These features are present also for the case A ¼ 55 meV nm and E F ¼ 1 meV shown by the green symbols and the case A ¼ 55 meV nm and E F ¼ 0.1 meV shown by the blue symbols. They are, however, less clear as they take place at the immediate vicinity of U=E F ¼ 1 and thus the enormously large DL limits the computation range of L. (The dip in R max occurs in Fig. 8(c) for U=E F < 1 for the red curve and for U=E F > 1 for the green and blue curves.)
A comparison between the red and green curves reveals that the anomalous resonances are strongly affected by the value of A. To be specific, the merging of the anomalous resonances takes place at a smaller value of U=E F as A increases. The length scales of the anomalous resonance remain nearly unchanged, and so the merging occurs at L % 10 nm for both values of A. On the other hand, the insignificantly small change in L i for the periodic modulation implies that the dispersion for the edge modes barely changes. Nevertheless, R max is altered by a factor of $100. When E F is varied for the same value of A, see the green and blue curves, the anomalous resonances are, in contrast, almost unchanged and the periodic modulation is strongly affected. The positions in L of the anomalous resonances are suggested to be approximately universal functions of U=E F for the case of the two-band Hamiltonian. There exist only two branches for the anomalous resonances in the model II: one increasing and the other decreasing in L with increasing U=E F . The branch of increasing L i causes the resonance index shift upon anticrossing with the periodic modulation. The two bottom branches in Fig. 5, i. e., the red curves underneath the blue curve in Fig. 5(a) , are interpreted as the spinsplit states of the bottom branch in Fig. 8 .
FIG. 8. (a)
Lengths L i of potential offset for complete suppressions of reflection, (b) L i =DL with DL being the period of periodic transmission modulation, and (c) maximum reflection amplitude R max in periodic transmission modulation for the model II. The value of the parameter A is 60 meV nm for the red curves and 55 meV nm for the green and blue curves. The Fermi energy E F is set to be 1 meV for the red and green curves and 0.1 meV for the blue curves. The dotted line in (c) shows a behavior / ðU=E F Þ 2 with U being the height of the potential offset. For the maxima and minima of the reflection probability indicated by "?" in (a), the profiles of the local density of states are shown in Fig. 9 . -(e) for L ¼ 5, 11.9, 21.6, and 336 nm, respectively. These lengths correspond to the situations marked by "?" in Fig. 8(a) . The solid and dotted curves correspond to the locations indicated by the solid and dotted arrows in (a), respectively. The electron and hole components of the wavefunction are shown by the red and green curves, respectively. The ends of the potential offset regions are indicated by the vertical dashed lines.
Insight into the origin of the anomalous resonances can be gained by examining the local density of states
where G þ ðEÞ ¼ ðE À H þ iÞ À1 is the retarded Greens function. Having established the presence of the anomalous resonances also in the absence of the off-diagonal spin-orbit coupling, the two-band Hamiltonian is employed in the analysis to simplify the situation. Figure 9 (a) is a gray scale presentation of qðrÞ for W ¼ 31.69 nm and L ¼ 21.6 nm. The potential offset region is indicated by the vertical bars. Transport by the edge modes is apparent. To reveal the influences of the scattering by the potential offset, deviations dqðxÞ of q from the background values estimated in the leads attached to the potential offset are shown in Fig. 9(d) . The profiles are shown for the locations pointed by the arrows in Fig. 9(a) . That is, the solid curves show dqðxÞ=q along the center of the TI strip. The profile at the peak amplitude location of the edge mode is shown by the dotted curves. The red and green curves correspond to the electron and hole components, respectively. As a matter of fact, dqðxÞ=q for the minima and maxima of R max marked by "?" in One may regard the localization of the evanescent-wave-like states as the edge confinement of helical modes that virtually propagate along the potential step. 32 It is reasonable to anticipate oscillatory decay of the wavefunction in the propagation direction of the strip as the scattering wave is associated with the special edge modes. The quantum interference between the evanescentwave-like states localized at the two potential steps would cause resonances, similar to the periodic annihilation of the hybridization energy gap by the transverse interference upon increasing the strip width.
C. Model III: Quadratic band touching
We finally examine model III, where the energy gap closing is achieved by the form of quadratic band touching instead of the linear dispersion of a Dirac cone. The resonance characteristics are displayed in Fig. 10 for the first, second, and fifth energy gap closings at W ¼ 10.06, 20.12, and 50.15 nm, respectively. Note that the dispersion of the propagating mode is quadratic for the first and second energy gap closings, see Figs. 2(a) and 2(b), but almost linear for the fifth energy gap closing, see Fig. 2(d) . The circles connected by solid curves show cases of E F ¼ 1 meV with the red, green, and blue circles corresponding to the first, second, and fifth energy gap closings, respectively. The characteristics are almost identical for these cases, i.e., whether the dispersion is quadratic or linear makes no difference. The eventual deviations from the common behavior, when U=E F increases, which are most clearly visible in Fig. 10(b) , are due to occupation of the bulk states in the potential offset region. (The deviation thus occurs for larger U when W decreases as the quantum confinement raises the threshold energy for the bulk states.)
In Fig. 11 , the distribution of qðx; yÞ is shown using gray scales for the complete suppressions of reflection at L $ 70 nm indicated by the arrow in Fig. 10(a) . While it is not shown here, the number of peaks (shown as white areas) and nodes (shown as black areas) in qðx; yÞ in the propagation direction (horizontal direction) increases, as one would expect, for higher order resonances. The number of peaks in the transverse direction, on the other hand, increases for the higher order energy gap closings. The formation of the clear standing wave patterns in Fig. 11 implies strong scattering by the potential offset. The modulation amplitude of the transmission probability indeed becomes almost unity when U ) E F , Fig.  10(c) , as the transport is mediated by the bulk states. The transport takes place, on the contrary, mainly at the channel edges for the fifth energy gap closing, reflecting the nearly linear energy dispersion. A slight reduction of R max due to the topological protection from scattering is noticed. The results shown by triangles (magenta) correspond to a case for the first energy gap closing but with E F ¼ 0.001 meV. The resonance index shift with anticrossings around U=E F ¼ 5 demonstrates that this behavior is not restricted to Dirac electrons. The increase of R max when U=E F ! 1 is also obvious for this case. Interestingly, R max decreases as E F is lowered towards zero, Fig. 10(c) . (A case with E F ¼ 0.1 meV for the fifth energy gap closing is shown by reversed triangles (cyan) in Fig. 10 .) In conventional conductors, smaller Fermi energy leads to larger scattering. The opposite behavior in Fig. 10(c) is hence suggested to be a common behavior for the system described by the Bernevig-Hughes-Zhang Hamiltonian plausibly when band inversion is imposed by setting M to be negative.
A distinct characteristic in Fig. 10 is discontinuity in L i =DL at U=E F ¼ 1. The origin of the discontinuity is clarified in Fig. 12 , where the dependence of R on L is shown for U ¼ 0.95, 0.99, 1, 1.01, and 1.05 meV with E F ¼ 1 meV. Regardless of U, the initial increase of R as L increases from zero is nearly identical. The behavior takes different courses when L exceeds $15 nm depending on which of the conditions U < E F ; U ¼ E F , or U > E F is fulfilled in the potential offset region. For U ¼ E F , R remains almost unchanged at about 0.05. As U deviates from this critical condition, R keeps increasing for U < E F but decreases for U > E F when L further increases. The discontinuity in L i =DL at U=E F ¼ 1 thus occurs as approximate p phase shift in the resonance condition between the situations U < E F and U > E F . The initial common rise of R and the subsequent splitting of curves when L exceeds a critical length are, in fact, observed in all models I, II, and III. In the preceding examples shown for models I and II, however, the nearly constant value of R when U=E F ¼ 1 is much smaller than R max , see Fig. 3(a) , and so the influence of the initial rise of R on L i is negligible. The bottom branch of complete absence of reflection for U=E F > 1 in Fig. 10(a) resembles the anomalous resonances as L ı =DL % 0. It is unclear at present whether this branch evolves to the anomalous resonances when the transport takes place at the edges as the helical edge modes instead of FIG. 11 . Gray scale plots of local density of states qðx; yÞ for model III. The length of the potential offset is chosen to be for the complete suppressions of reflection indicated by the arrow in Fig. 10(a) 
where M 6 ¼ 6M À 2ðc 2 þ 1ÞðD6BÞ with c ¼ a x =a y and E ij ¼ E F À U ij with E F being the Fermi energy and U ij the potential at the lattice site (i, j). The nearest-neighbor hopping elements V x and V y are given for the longitudinal direction as
and for the transverse direction as 
The wavefunction vanishes outside the lattice, and so the width W of a strip consisting of N transverse lattice sites is given by W ¼ ðN þ 1Þa y .
